Abstract. In this note, a new characterization of gaps between two subspaces of a Hilbert space is established.
Let M and N be two closed linear subspaces of a Hilbert space H. The gap between M and N (see [2] ) is defined by Lemma 1 (see [1] ). Let M and N be two closed subspaces of H.
, and P M and P N have the following operator matrices: If P M and P N have the operator matrices (3), for x ∈ M, we have x = x 1 +x 2 +x 5 with x i ∈ H i , i = 1, 2, 5, and
that is,
Proposition 2. Let M and N be two closed subspaces of H, and let P M and
, and for a vector x ∈ M, x has the decomposition x =
To prove the reverse inequality, choose
In this case, for a vector x ∈ M, x has the decomposition x = x 1 + x 5 with x 1 ∈ H 1 and x 5 ∈ H 5 . We have
.
Proposition 3. Let M and N be two closed subspaces of H, and let P M and
Proof. If P M and P N have the operator matrices as the formula (3), since M =
and by Lemma 1 that Q is injective and positive, where R(T ) denotes the range of an operator T and K the closure of a set K. Denoting
Hence,
Here the last equation holds since R(Q 
Proposition 4. Let M and N be two closed subspaces of H, and let P M and P N have the operator matrices (3). If M ∩ N
Proof. Let x ∈ M. Then there exist vectors x 1 ∈ H 1 , x 2 ∈ H 2 and x 5 ∈ H 5 such that
The operator Q being a positive contraction, dist(x, N ) ≥ 1 implies that 1 ≤ x 2 2 
Since is arbitrary and (I − Q)
Proposition 5. Let M and N be two closed subspaces of H, and let P M and P N have the operator matrices (3).
Proof. Similar to the proof of Proposition 3, we can show that
To complete the proof, it is enough to consider the quantum γ(N 0 , M). Since
Noting that
By Propositions 2−5, the following consequences are clear. 
(2) Proposition 3 can be seen as a corollary of Proposition 2. In fact, from Remark (1) and Proposition 2, we have
(3) Similarly, we have γ(M, N ) = P M (I − P N ) −1 . Proposition 5 can also be derived as a corollary of Proposition 4.
But here we still give the direct proofs of Propositions 3 and 5 because the direct proofs give us more information of the geometrical structures between two subspaces.
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